We present a Gutzwiller von Neumann dynamics (GvND) method for simulating equilibrium and nonequilibrium phenomena in strongly correlated electron systems. Our approach is a real-space formulation of the time-dependent Gutzwiller approximation method. Applying the GvND method to simulate interaction quenches in the Peierls-Hubbard model, we demonstrate the amplification of initial inhomogeneities, which in turn results in the collapse of quench-induced synchronized oscillation. Moreover, we find a dynamical phase transition separating two quasi-stationary regimes with rather distinct spatial distributions of physical quantities after the collapsed oscillation. In particular, in the strong-coupling regime, the system exhibits a dynamic phase separation in the quasi-stationary state. Our results thus underscore the importance of spatial fluctuations in the nonequilibrium dynamics of strongly correlated systems.
The recent enormous theoretical interest in nonequilibrium dynamics of correlated materials is partly driven by the impressive progress in experimental techniques for controlling and probing such systems [1] [2] [3] . In particular, developments of time-resolved measurement techniques in solids and cold atoms now allow one to study dynamical phase transitions far from equilibrium on the microscopic time scale of correlated systems [4, 5] . Theoretically, the quantum quench setup provides an idealized platform to investigate intrinsic out-of-equilibrium dynamics related to strong electron correlation [6] [7] [8] [9] [10] [11] [12] [13] [14] . One crucial question here is whether the system eventually thermalize and reach a new equilibrium [15] . After a quench to a large interaction parameter, the system exhibits characteristic collapse-and-revival oscillations which eventually fade out in the long time. But in some cases, the system is trapped in a nonthermal quasi-stationary state for very long times [12] [13] [14] .
While there has been considerable progress in our understanding of nonequilibrium dynamics in one dimension [16, 17] , investigation of quantum quench in high dimensional systems has only begun recently. Here we are mainly interested in interaction quench in fermionic systems, of which the single-band Hubbard model is a canonical example. The nonequilibrium dynamics of a Fermi sea after a sudden switch-on of the Hubbard repulsion in infinite dimensions has been studied in a pioneering work [10] using the time-dependent dynamical meanfield theory (DMFT) [18, 19] . The results clearly indicate the existence of a dynamical phase transition separating two distinct out-of-equilibrium regimes depending on the Hubbard parameter U f after quench. However, up to date, most theoretical studies of quench dynamics ignores the spatial inhomogeneity and fluctuations, which seem to be ubiquitous in nonequilibrium dynamics of manybody systems. A famous example is the formation of topological defects, described by the Kibble-Zurek mechanism [20, 21] , when a system is driven across a continuous phase transition. The DMFT method, even with its cluster or real-space generalization [22] [23] [24] , is still very limited in its treatment of complex spatial structures due to its heavy computational cost. It is thus highly desirable to develop an approximate yet efficient approach for large-scale real-space simulations of correlated systems. In this regard, the recently developed time-dependent Gutzwiller approximation (TDGA) [25] [26] [27] [28] provides such an efficient alternative to the more accurate nonequilibrium DMFT. More importantly, TDGA was shown to capture many nontrivial effects observed in DMFT [25] , such as the existence of a dynamical phase transition, when applied to quantum quenches in the Hubbard model.
In this paper, we present a Gutzwiller-von Neumann dynamics (GvND) formulation for real-space dynamical simulations of correlated systems. In this approach, the time evolution of the Gutzwiller variational parameters is coupled to the von Neumann equation governing the dynamics of many-electron wavefunction. We apply the GvND method to investigate the interaction quench in a triangular-lattice Hubbard model with electron-phonon coupling and uncover several dramatic effects caused by the dynamical lattice degrees of freedom. First, the phase-locked oscillation of, e.g. double occupation, caused by the sudden turn-on of interaction is disrupted by the development of inhomogeneous lattice deformations. Moreover, we find two regimes of quasi-steady states with rather distinct spatial distributions of physical quantities after the collapsed oscillation. In particular, for large U f , the system exhibits a spontaneous phase separation after the quantum quench.
We consider the Hubbard model on a deformable triangular lattice described by the Hamiltonian
Here c † i,α is the creation operator of electron with spin α =↑, ↓ at site-i, n i,α = c † i,α c i,α is the electron number arXiv:1711.07972v1 [cond-mat.str-el] 21 Nov 2017 operator, U is the Hubbard repulsion parameter, K is a elastic constant, p i is the momentum operator, and m is the mass of the atom. u i denotes the displacement vector of the i-th site, i.e. r i = r (0) i + u i , andê ij is a unit vector pointing from site-i to j. We consider the following dependence of hopping integral on the displacements
where t (0) ij is the bare hopping constant, and g is the electron-phonon coupling. The Hamiltonian (1) with t ij given by Eq. (2) is also called the Peierls-Hubbard (PH) model [29, 30] . The 1D version of the PH model is the famous Su-Schrieffer-Heeger model [31] with Hubbard interaction. Earlier interest on the 2D square-lattice PH model is motivated by the interest in high-T c superconductors [32] [33] [34] . The PH model has served as the basic platform for investigating the interplay of Peierls instability and electron correlation. Since our main interest here is correlation related nonequilibrium phenomena without spontaneous symmetry-breaking, we focus on half-filled triangular-lattice PH model in which the lack of Fermi surface nesting prevents the system from weak-coupling instability either in the elastic or electronic subsystems. The phonons here are mainly used as a way to introduce dynamic inhomogeneities to the system. We first briefly review the TDGA method [25, 26] , which can be derived from the Dirac-Frenkel variational principle [35, 36] . The Gutzwiller wavefunction is expressed as |Ψ G (t) =P G (t)|Ψ S (t) , where |Ψ S (t) is a time-dependent Slater determinant constructed from a renormalized Hamiltonian.P G =P G ({Φ i (t)}) is a timevarying Gutzwiller operator, which can be parameterized by a set of variational matricesΦ i in the basis of local Hilbert space. This GA formulation is intimately related to the slave-boson approach [37, 38] . In a sense, theΦ i matrix elements can be viewed as amplitudes of the slave boson coherent state [39, 40] . Importantly, expectation value of local operator is now expressed as a trace: Ψ G |Ô|Ψ G = Tr(ÔΦ) [39] . The time evolution of Ψ S is governed by the Schrödinger equation i∂ t |Ψ S = H GA [Φ]|Ψ S , while the variational matrix obeys the equation of motion:
whereÛ is the on-site Coulomb interaction expressed in the local basis ofΦ, and the electron binding energy is Ψ S |H GA |Ψ S = ij t ij R i,γα R * j,γβ ρ jβ,iα . Here we have introduced the reduced electron density matrix ρ jβ,iα ≡ c † i,α c j,β , and R i,αβ is the Gutzwiller renormalization factor [39] 
In our real-space formulation, the dynamical equation for the slave bosons reads
whereN andD are the number and double-occupation operators, respectively, in the local basis, and µ i are effective chemical potentials determined from the energy conservation condition. The above Eq. (4) indicates that the evolution ofΦ i depends on the electron density matrix, whose dynamics is governed by the von Neumann equation dρ/dt = i[ρ, H GA ], or explicitly:
Here we have included an diagonal on-site potential i to the Hubbard Hamiltonian. Eqs. (4) and (5) comprise a complete set of differential equations for the dynamics of correlated electrons in the real-space TDGA framework. We note in passing that the above formulation can be directly generalized to multi-orbital Hubbard-like models by treating α, β, · · · as the spin-orbital indices.
In the presence of dynamical lattice degrees of freedom, these two equations are further coupled to the equation of motion of the displacement field:
This equation is basically the Newton equation for the atoms, and the above formulation can be viewed as a non-adiabatic generalization of the Gutzwiller molecular dynamics (MD) method discussed in Ref. [41] . While the motion of atoms is confined in the vicinity of the lattice points here, Ref. [41] considers full MD dynamics for strongly correlated systems in the liquid phase in the adiabatic limit, which assumes that electrons quickly relax to the equilibrium state of the instantaneous renormalized Hamiltonian. Consequently, bothΦ i and ρ iα,jβ are determined self-consistently from the ionic configuration at each time step [41] . In our GvND formulation here, both the slave bosons and the electrons follow their own dynamics in the more general non-adiabatic and non-equilibrium situation. We next apply the above GvND dynamics method to simulate interaction quench in the triangular-lattice PH model. For single-band Hubbard system, the most general form ofΦ i is a diagonal matrix with diagonal elements Φ 0 for empty site, Φ ↑ and Φ ↓ , for singly occupied state with a spin-up or down electron, and finally Φ ↑↓ for a doubly occupied site. In this basis, both the double-occupation and number operators are also diago-
Here we focus on non-magnetic electronic states, and assume n i,↑ = n i,↓ and Φ i,↑ = Φ i,↓ , ρ iα,jβ = δ αβ ρ ij and R i,αβ = δ αβ R i . In this special case, we have In our interaction quench simulations, the system is initially in the T = 0 ground state of a hal-filled PH model with U = 0. At t > 0, the Hubbard repulsion is suddenly turned on to U f > 0. Fig. 1 shows the time dependence of the various physical quantities from simulations with U f = 0.4 W and 1.33 W , where W = 9 t nn is the bandwidth. The parameters used in these simulations are g = 0.64, K = 0.5, and mass m = 2; energy and inverse time are measured in units of the nearestneighbor hopping t nn . After the Coulomb interaction is switched on, the spatial averaged double-occupation D and the quasiparticle weight Z = R 2 exhibits the characteristic oscillation in short time scales, as shown in the insets of Fig. 1(a) and (d) . Such oscillations have been reported previously in DMFT [10] as well as TDGA [25] simulations of the Hubbard model. Interestingly, we find that this oscillation only lasts up to a time t * , beyond which both the quasiparticle weight and double-occupation approach quasi-stationary value Z * and D * , respectively, after a transient period. By investigating the behavior of individual sites, we find that both quantities continue to oscillate but with a sitedependent amplitude and frequency. This phenomenon It is worth noting that the coherent oscillation after the quench is a unstable quasi-stationary state. We find that the collapse of the oscillation results from the amplification of initial disorder or inhomogeneity, no matter how small it is. In order to have a more controlled simulation, we introduce random displacements of the order of |u i | ∼ 10 −6 in the initial state. The electron contribution to the forces acting on an atom is given by the second term in Eq. (6). In the coherent oscillation regime, we can approximate the forces as f i (t) = g t nn R 2 (t) jê ij δρ ij , where δρ ij is deviation from the density matrix of a uniform electronic state. In a perfectly ordered state, the atoms experience no forces coming from the electrons. However, in the presence of disorder, the rapid oscillation of the renormalization factors tends to amplify the effect of inhomogeneity δρ ij , hence injecting energy to the phonons. The increased lattice distortion in turn enhances the inhomogeneity in density matrix. This positive feedback eventually leads to the collapse of the coherent oscillation. Indeed, detailed examination shows that after the quench the elastic energy grows exponentially until the time t * . After the collapse of the oscillation, both the potential and kinetic energy relax to quasistationary values, as demonstrated in Fig. 1(c) and (f) .
An intriguing phenomenon in the interaction quenches of Hubbard model is the existence of dynamical phase transition that separates the weak and strong coupling regimes. This result was first reported from the DMFT simulation [10] , and was later reproduced using the TDGA approach [25] . Our GvND simulations also find a dynamical transition at U c f ≈ 0.85 W . Fig. 2(a) and (b) show the time trace of the (spatial) averaged double occupation in the weak and strong coupling regimes, respectively. The period of the coherent oscillation (before the collapse), shown in Fig. 2(c) as a function of U f , diverges as U f approaches the critical value, consistent with previous result. Moreover, both Z * and D * tend to zero when approaching the transition point, indicating an emergent dynamical Mott insulating state; see Fig. 2(d) .
The dynamical transition at U c f not only separates two distinct temporal behaviors as already suggested in previous studies [10, 25] . Our GvND simulations reveal rather distinct spatial patterns in the quasi-stationary states after the collapse of the coherent oscillation. Fig. 3 shows the spatial profile of double-occupation and displacement field at a time t t * for varying U f . In the weak-coupling regime (U f < U c f ), the distribution of double-occupation is relatively uniform and is dominated by short-range fluctuations. Indeed, its probability distribution h(D), shown in Fig. 4(a) , exhibits a single peak with a width that increases as U f approaches the critical value. Moreover, the displacements clearly shows highfrequency spatial modulation; see Fig. 3(d) . At U f ∼ U On the other hand, a rather distinct distribution is obtained in the strong-coupling regime as demonstrated in Fig. 3(c) and (f). In this regime where U f > U c f , domains with large double-occupation and on-site density are interspersed with Mott droplets, or regions with vanishing D and Z. This picture of phase separation can also be clearly seen from the double-peak structure in the probability distribution of double-occupation in this regime shown in Fig. 4(b) . Moreover, we find that the Mott droplets are characterized by reduced electron hoppings. This is consistent with the fact that large displacements are found to coincide with these insulating regions, where the hopping amplitude t ij is reduced due to the Peierls coupling; see Eq. (2). This dynamic phase separation in the regime of large U f is reminiscent of the site-selective Mott transition observed in highly disordered Hubbard model [42, 43] . It is found that the insulating phase of the Anderson-Hubbard model with strong on-site disorder is a highly inhomogeneous state with Mott insulating droplets interlaced with regions containing Andersonlocalized quasiparticles [43] .
To summarize, we have presented a Gutzwiller von Neumann equation method for simulating real-space nonequilibrium dynamics in strongly correlated electron systems. Applying the GvND method to study the interaction quench in Peierls-Hubbard model, we find that the quench-induced coherent oscillation is intrinsically unstable against any initial disorder. In fact, this instability against inhomogeneity exists even without the dynamical phonons. A similar collapse of the synchronized oscillation can be induced by a tiny on-site disorder as in the Anderson-Hubbard model [44] . In the presence of dynamical lattice degrees of freedom, we further observe dynamically generated phase separation when the system is quenched to a strong-coupling regime. Such amplification of inhomogeneity has already been reported previously in a similar quench dynamics study of the Luttinger liquid [45] . However, in the 1D case, the am-plification of the initial inhomogeneity is attributed to fractionalized quasiparticles [45] , which is a special feature of 1D phase. On the other hand, similar dynamical inhomogeneity has also been found in the interaction quenches of high dimensional superfluid [46] . In our case, the highly inhomogeneous nonequilibrium state certainly results from the nontrivial interplay of correlations and electron-phonon couplings.
The fact that the elastic part of the Peierls-Hubbard model is a linear system might lead to prolonged postquench quasi-stationary states since there is no energy exchange between the phonons. Although different phonon modes can talk to each other indirectly through the electrons, we expect inclusion of elastic nonlinearity could introduce additional relaxations and help with the thermalization. Such issues can be addressed with molecular dynamics simulations based on our GvND method, which will be left for future studies.
